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Abstract
Schouten’s identity is used to obtain a new identity in Minkowski space. Some
applications of the new identity in high-energy physics are considered, including the
possibility of significant shortening of the expressions for the traces of products of
10 and more Dirac γ matrices.
We write Schouten’s identity in the form1
δµνεαβλρ + δµαεβλρν + δµβελρνα + δµλερναβ + δµρεναβλ ≡ 0 . (1)
The validity of this identity follows from the fact that the expression on the left-hand
side of (1) is completely antisymmetric with respect to each of five indices: ν, α, β, λ, ρ.
In four-dimensional space, every tensor that is antisymmetric with respect to more than
four indices vanishes identically, since the values of at least two of them must be equal.
1 We use a metric in which aµ = (~a, a4 = ia0), ab = aµbµ = ~a~b− a0b0.
1
We multiply (1) by εστκω:
(δµνεαβλρ + δµαεβλρν + δµβελρνα + δµλερναβ + δµρεναβλ)εστκω
= (δµνεαβλρ − δµαενβλρ + δµβεναλρ − δµλεναβρ + δµρεναβλ)εστκω
= δµν
∣∣∣∣∣∣∣∣∣
δσα δσβ δσλ δσρ
δτα δτβ δτλ δτρ
δκα δκβ δκλ δκρ
δωα δωβ δωλ δωρ
∣∣∣∣∣∣∣∣∣
− δµα
∣∣∣∣∣∣∣∣∣
δσν δσβ δσλ δσρ
δτν δτβ δτλ δτρ
δκν δκβ δκλ δκρ
δων δωβ δωλ δωρ
∣∣∣∣∣∣∣∣∣
+δµβ
∣∣∣∣∣∣∣∣∣
δσν δσα δσλ δσρ
δτν δτα δτλ δτρ
δκν δκα δκλ δκρ
δων δωα δωλ δωρ
∣∣∣∣∣∣∣∣∣
− δµλ
∣∣∣∣∣∣∣∣∣
δσν δσα δσβ δσρ
δτν δτα δτβ δτρ
δκν δκα δκβ δκρ
δων δωα δωβ δωρ
∣∣∣∣∣∣∣∣∣
+δµρ
∣∣∣∣∣∣∣∣∣
δσν δσα δσβ δσλ
δτν δτα δτβ δτλ
δκν δκα δκβ δκλ
δων δωα δωβ δωλ
∣∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣∣∣∣
δµν δµα δµβ δµλ δµρ
δσν δσα δσβ δσλ δσρ
δτν δτα δτβ δτλ δτρ
δκν δκα δκβ δκλ δκρ
δων δωα δωβ δωλ δωρ
∣∣∣∣∣∣∣∣∣∣∣
≡ 0 .
(2)
By analogy with the Gram determinant, we introduce the notation (see [1])
∣∣∣∣∣∣∣∣∣∣∣
δµν δµα δµβ δµλ δµρ
δσν δσα δσβ δσλ δσρ
δτν δτα δτβ δτλ δτρ
δκν δκα δκβ δκλ δκρ
δων δωα δωβ δωλ δωρ
∣∣∣∣∣∣∣∣∣∣∣
= G
(
µ σ τ κ ω
ν α β λ ρ
)
. (3)
We consider some consequences of the identity (2).
1. It follows from the properties of determinants that
G
(
µ σ τ κ ω χ
ν α β λ ρ ϕ
)
≡ 0 , (4)
G
(
µ σ τ κ ω χ ξ
ν α β λ ρ ϕ pi
)
≡ 0 (5)
etc. We note that the identity (2) is valid only in a space of dimension not higher
than 4, the identity (4) is valid in a space of dimension not higher than 5, etc.
2
2. We contract (2) with 10 arbitrary 4-vectors:
G
(
µ σ τ κ ω
ν α β λ ρ
)
aµbσcτdκeωfνgαmβnλpρ = G
(
a b c d e
f g m n p
)
≡ 0 .
(6)
The identity (6) reflects the well-known fact that a Gram determinant of fifth order
and higher in Minkowski space is always equal to 0.
3. We consider
G
(
µ σ τ κ ω
ν α β λ ρ
)
(a1)µ(a2)σ(a3)τ (a4)κ(a5)ω(a1)ν(a2)α(a3)β(a4)λ
= G
(
a1 a2 a3 a4 a5
a1 a2 a3 a4 ρ
)
= (a1)ρG
(
a2 a3 a4 a5
a1 a2 a3 a4
)
−(a2)ρG
(
a1 a3 a4 a5
a1 a2 a3 a4
)
+ (a3)ρG
(
a1 a2 a4 a5
a1 a2 a3 a4
)
−(a4)ρG
(
a1 a2 a3 a5
a1 a2 a3 a4
)
+ (a5)ρG
(
a1 a2 a3 a4
a1 a2 a3 a4
)
≡ 0 .
(7)
The identity (7) can be used to decompose an arbitrary 4-vector a5 with respect to
the basis consisting of the 4-vectors a1, a2, a3, a4.
4. Identities of the type (2), (4), (5) and others like them can be used to simplify
the expressions for the traces of a product of 10 and more Dirac γ matrices. For
example, the expression for
Tr[aˆ1aˆ2aˆ3aˆ4γµaˆ1aˆ2aˆ3aˆ4γν]
(a1, a2, a3, a4 are arbitrary 4-vectors, aˆ = aργρ), calculated by means of the com-
puter system REDUCE, contains 100 terms.
3
However, the expression2
Tr[aˆ1aˆ2aˆ3aˆ4γµaˆ1aˆ2aˆ3aˆ4γν ]− 16G
(
a1 a2 a3 a4 µ
a1 a2 a3 a4 ν
)
= 8{(a1)µ(a1)ν(a2)
2(a3)
2(a4)
2 − [(a1)µ(a2)ν + (a1)ν(a2)µ](a3)
2(a4)
2(a1a2)
+[(a1)µ(a3)ν + (a1)ν(a3)µ](a4)
2[2(a1a2)(a2a3)− (a2)
2(a1a3)]
+[(a1)µ(a4)ν + (a1)ν(a4)µ][−4(a1a2)(a2a3)(a3a4) + 2(a3)
2(a1a2)(a2a4)
+2(a2)
2(a1a3)(a3a4)− (a2)
2(a3)
2(a1a4)]
+(a2)µ(a2)ν(a1)
2(a3)
2(a4)
2 − [(a2)µ(a3)ν + (a2)ν(a3)µ](a1)
2(a4)
2(a2a3)
+[(a2)µ(a4)ν + (a2)ν(a4)µ](a1)
2[2(a2a3)(a3a4)− (a3)
2(a2a4)]
+(a3)µ(a3)ν(a1)
2(a2)
2(a4)
2 − [(a3)µ(a4)ν + (a3)ν(a4)µ](a1)
2(a2)
2(a3a4)
+(a4)µ(a4)ν(a1)
2(a2)
2(a3)
2
+δµν [4(a1a2)(a2a3)(a3a4)(a1a4)− 2(a1)
2(a2a3)(a3a4)(a2a4)
−2(a2)
2(a1a3)(a3a4)(a1a4)− 2(a3)
2(a1a2)(a2a4)(a1a4)
−2(a4)
2(a1a2)(a2a3)(a1a3)−
3
2
(a1)
2(a2)
2(a3)
2(a4)
2
+(a1)
2(a2)
2(a3a4)
2 + (a1)
2(a3)
2(a2a4)
2 + (a1)
2(a4)
2(a2a3)
2
+(a2)
2(a3)
2(a1a4)
2 + (a2)
2(a4)
2(a1a3)
2 + (a3)
2(a4)
2(a1a2)
2]} ,
(8)
which is identical to it, contains only 38 terms.
We note that the same result can also be obtained without direct use of the identity
(2). For this, it is necessary to use the expression (see the Appendix)
aˆ1 . . . aˆ2n = −aˆ2n . . . aˆ1 +
1
2
Tr[aˆ1 . . . aˆ2n] +
1
2
γ5Tr[γ5aˆ1 . . . aˆ2n] . (9)
2
G
(
a1 a2 a3 a4 µ
a1 a2 a3 a4 ν
)
= G
(
σ τ κ ω µ
α β λ ρ ν
)
(a1)σ(a2)τ (a3)κ(a4)ω(a1)α(a2)β(a3)λ(a4)ρ .
4
We apply (9) twice:
Tr[aˆ1aˆ2aˆ3aˆ4γµaˆ1aˆ2aˆ3aˆ4γν] = −Tr[aˆ4aˆ3aˆ2aˆ1γµaˆ1aˆ2aˆ3aˆ4γν ]
+
1
2
Tr[aˆ1aˆ2aˆ3aˆ4]Tr[γµaˆ1aˆ2aˆ3aˆ4γν] +
1
2
Tr[γ5aˆ1aˆ2aˆ3aˆ4]Tr[γ5γµaˆ1aˆ2aˆ3aˆ4γν ]
= −Tr[aˆ1aˆ2aˆ3aˆ4γµaˆ4aˆ3aˆ2aˆ1γν ]
+
1
2
Tr[aˆ1aˆ2aˆ3aˆ4]Tr[aˆ1aˆ2aˆ3aˆ4γµγν] +
1
2
Tr[γ5aˆ1aˆ2aˆ3aˆ4]Tr[aˆ1aˆ2aˆ3aˆ4γµγ5γν ]
= −
1
2
(Tr[aˆ4aˆ3aˆ2aˆ1γµaˆ1aˆ2aˆ3aˆ4γν ] + Tr[aˆ4aˆ3aˆ2aˆ1γν aˆ1aˆ2aˆ3aˆ4γµ])
+
1
4
Tr[aˆ1aˆ2aˆ3aˆ4]Tr[aˆ1aˆ2aˆ3aˆ4(γνγµ + γµγν)]
+
1
4
Tr[γ5aˆ1aˆ2aˆ3aˆ4]Tr[γ5(−γνγµ − γµγν)aˆ1aˆ2aˆ3aˆ4]
= −
1
2
(Tr[aˆ4aˆ3aˆ2aˆ1γµaˆ1aˆ2aˆ3aˆ4γν ] + Tr[aˆ4aˆ3aˆ2aˆ1γν aˆ1aˆ2aˆ3aˆ4γµ])
+
1
2
δµν{(Tr[aˆ1aˆ2aˆ3aˆ4])
2 − (Tr[γ5aˆ1aˆ2aˆ3aˆ4])
2} .
Further calculations give (8).
APPENDIX
We write down one of the formulas of Fierz transformations (see [2]):
1
2
[(1± γ5)γµ]ij [(1∓ γ5)γµ]kl = (1± γ5)il(1∓ γ5)kj (10)
(i, j, k, l are indices that label the components of 4× 4 matrices).
A consequence of (10) is the formula
1
2
[(1± γ5)γµ]ijQjk[(1∓ γ5)γµ]kl = (1± γ5)il(1∓ γ5)kjQjk
= (1± γ5)ilTr[(1∓ γ5)Q]
(11)
(here, Q is an arbitrary 4× 4 matrix).
In addition, we have (see [2])
γµaˆ1 . . . aˆ2n−1aˆ2nγµ = 2(aˆ2naˆ1 . . . aˆ2n−1 + aˆ2n−1 . . . aˆ1aˆ2n) (12)
5
(here, a1, . . . , a2n are arbitrary 4-vectors). Now suppose that in (11)
Q = aˆ2 . . . aˆ2naˆ1 .
With allowance for (11) and (12), we have
1
2
(1± γ5)γµaˆ2 . . . aˆ2naˆ1(1∓ γ5)γµ = (1± γ5)Tr[(1∓ γ5)aˆ2 . . . aˆ2naˆ1]
= (1± γ5)Tr[(1± γ5)aˆ1 . . . aˆ2n] = (1± γ5)γµaˆ2 . . . aˆ2naˆ1γµ
= 2(1± γ5)(aˆ1 . . . aˆ2n + aˆ2n . . . aˆ1) .
(13)
Thus
(1± γ5)(aˆ1 . . . aˆ2n + aˆ2n . . . aˆ1) =
1
2
(1± γ5)Tr[(1± γ5)aˆ1 . . . aˆ2n] (14)
for all 4-vectors a1, . . . , a2n .
The expression (9) is a direct consequence of (14). Note that the expressions (9) and
(14) generalize the corresponding expressions obtained in [3], [4].
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